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ABSTRACT 

D-brane boundary states for type II superstrings are constructed by enforcing the 
conditions that preserve half of the space-time supersymmetry. A light-cone coordinate 
frame is used where time is identified as one of the coordinates transverse to the brane's 
(euclidean) world-volume so that the p-brane is treated as a (p + l)-instanton. The 
boundary states have the superspace interpretation of top or bottom states in a light- 
cone string superfield. The presence of a non-trivial open-string boundary condensate 
give rise to the familiar D-brane source terms that determine the (linearized) Born- 
Infeld-like effective actions for p-branes and the (linearized) equations of motion for the 
massless fields implied by the usual p-brane ansatze. The 'energy' due to closed string 
exchange between separate Z)-branes is calculated (to lowest order in the string coupling) 
in situations with pairs of parallel, intersecting as well as orthogonal branes - in which 
case the unbroken supersymmetry may be reduced. Configurations of more than two 
branes are also considered in situations in which the supersymmetry is reduced to 1/8 
or 1/16 of the full amount. The Ward identities resulting from the non-linearly realized 
broken space-time supersymmetry in the presence of a D-brane are also discussed. 
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1 Introduction 



The description of the p-branes of the R ® R sector of type II superstring theories in 
terms of D-branes |], |2|, |3| has provided a string-theoretic interpretation of the world- 
volume theories of these objects. According to the D-brane description the R <g> R sector 
p-branes are described by configurations of open superstrings with end-points tethered 
on a (p + l)-dimensional hypersurface embedded in ten dimensions. The coordinates 
of the open-string end-points are restricted to the plane X 1 = y l , where the directions 
labelled i are transverse to the brane world- volume (i = p + 1, ■ ■ ■ ,9). The dynamics of 
the brane is therefore prescribed by the open superstring theory with Neumann boundary 
conditions in the directions labelled by a = 0, . . . ,p and Dirichlet boundary conditions in 
the transverse directions. The usual kind of 'effective' world-volume field theory emerges 
as an approximation to this 'underlying' open superstring theory. The world-volume 
actions that describe the various branes 0, [5] are generally non-renormalizable (p + 1)- 
dimensional supersymmetric field theories that are generalizations of the Nambu-Goto 
action H and the covariant superstring action to higher dimensions. The fact that such 
D-branes are described by open superstring theory means that they preserve half the 
supersymmetry of the fundamental type II string theory. This agrees with the fact that 
they are BPS solitons of the type II theories. 

The effective low-energy action for superstring theory in the presence of a solitonic 
R ® R p-brane can, in principle, be written in the form 

S = Sbulk + S source' (1) 

where the bulk action is a ten-dimensional integral while the source is restricted to the 
p + 1-dimensional world-volume. The equations of motion that follow from this action 
arise in the underlying string theory from the consistency conditions that ensure conformal 
invariance of the world-sheet theory (in the case of the type IIB theory there is no obvious 
covariant bulk action but the source- free equations of motion are known [/], || ) . These bulk 
terms arise from the usual closed-string sector of the theory but the source terms come 
from world-sheets with boundaries on which there can be a condensate of the open-string 
fields. These source actions, which are of the Born-Infeld type, reproduce the equations 
of motion that follow from the consistency conditions for string theory in the background 
that includes an open-string boundary condensate, F = dA, of the electromagnetic field 
associated with the abelian vector potential that arises as a massless open-string state. 
Such consistency conditions on open-string theory were originally derived in M, ITU], ITT 



in the case of the type I theory (which has Neumann boundary conditions in all ten 
space-time dimensions). 

The open-string world-sheet spanned by a ground-state fluctuation of a .D-brane is 
a disk with the appropriate boundary conditions - Neumann in p + 1 dimensions and 
Dirichlet in the remaining 9 — p. This world-sheet can be represented by a semi-infinite 
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cylinder describing the evolution of the vacuum state at r = — oo to the boundary (which 
we shall take to be at r = 0). With a closed-string state in the R <E> R or NS ® NS sector 
coupling to the disk the semi-infinite cylinder describes the evolution of a closed string 
state |$) from r = — oo to the boundary at r = 0, 

($) Dia k = (Q\B,7 j ), (2) 

where \B,r)) denotes the boundary state and r] = ±1 labels whether the state is BPS or 
anti-BPS. In the formalism with world-sheet supersymmetry there are separate boundary 
states in each sector, \B,t))n and \B,r))n, which both satisfy the boundary conditions 

(dX i -dX i )\B,ij)=0, {dX a + dX a )\B, V ) = 0, (3) 

that impose Neumann conditions on p + 1 directions and Dirichlet conditions on the rest. 
In order for the boundary state to preserve the superconformal invariance of the bulk 
CFT, the super stress-energy tensor has to satisfy continuity conditions at the boundary, 
which take the form [[[], [13] 

(F + ir]F)\B,ri) = 0, (4) 

where the generators of world-sheet supersymmetry transformations are defined by F = 
ijj^dX^ and F = ip^dX^. These conditions preserve half the world-sheet supersymmetry. 
The boundary conditions on the world-sheet fermions follow from the consistency of (f|) 
with (§, 

+ ir]i> l )\B,r]) = 0, (#* - ivi> a )\B , rj) = 0. (5) 

The fact that these states preserve half the world-sheet supersymmetry is related 
to the fact that they also preserve half the space-time supersymmetry which relates the 



boundary states in the R ® R and NS ® NS sectors, \B, 77) N and \B, rj)n [Q. 

It is also possible to formulate the problem in a light-cone gauge fl3| , in which case 
space-time supersymmetry is manifest. This will be the subject of this paper. In the 
following discussion the light-cone 'time' coordinate will be taken to lie along the axis of 
the cylinder which is one of the directions transverse to the brane. In this parameterization 
X + = x + +p + r and the momentum component P + is constant. Since the boundary state, 
\B, rj), is at a fixed 'time' X + satisfies a Dirichlet boundary condition. Furthermore, X~ is 
determined in terms of the transverse X 1 coordinates (I — 1, 2, ■ • • , 8) and the world-sheet 
fermionic 5*0(8) spinor coordinates S a and S a (a = 1, • ■ ■ , 8) and also satisfies a Dirichlet 
boundary condition as will be seen in section 2. This means that there are at least two 
Dirichlet directions and that one of these is time-like. This kinematics describes a '(p+1)- 
instanton' rather than a D-brane (where time is one of the Neumann directions). It is 
related to the D-brane by a double Wick rotation. For convenience the words 'D-brane' 
or 'p-brane' will often be used in the following when it is really this Wick rotated version 
that is under consideration. Since all cases will have at least two Dirichlet directions the 
value of p will be restricted to — 1 < p < 7 in the following. 
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The generic light-cone boundary state that preserves half of the 32 space-time su- 
persymmetry components of the type II theories will be obtained in section 2. It is a 
generalization to p > — 1 of the point-like state that describes the D-instanton and 
can be related to the p = — 1 case by a finite 5*0(8) rotation. Such a state has an interpre- 
tation as the top or bottom state of a light-cone superfield (the two cases corresponding 
to BPS and anti-BPS states). The general description of a boundary state must take 
into account the possibility of a non-trivial boundary condensate of the open-string fields, 
in particular the massless abelian gauge potential. This light-cone boundary state has a 
form that automatically combines the NS <g> NS and R ® R sectors. 

A single boundary is interpreted as a linearized source of the closed-string fields 
that contributes to S source in the effective action. In section 3 it will be seen that the 
light-cone description of the source agrees, at linearized order, with the source terms that 
define the black p-brane solutions of the R £*D R sector |15|, [18|]. In the presence of a 
boundary condensate the effective source actions are expected to be of the Born-Infeld 
form |19|, 2T, |22"fl . Expanding these to linear order in the bulk fields also reproduces 
the light-cone frame boundary sources. 

Configurations of two or more branes are considered in section 4. The force between 
two .D-branes is determined to lowest order by the world-sheet that is a cylinder with 
one boundary lying in the world-volume of each brane (this generalizes the diagram for 
the D-instanton of |I3| , [Tl , |23||). The force vanishes between parallel identical branes - 
this is due to a cancellation between the closed-string exchanges in the NS <S> NS and R ® 
R sectors which is characteristic of a BPS system that preserves 1/2 the total space-time 
supersymetry. More generally two (non-identical) branes may be parallel and separated, 
they may intersect (when they share at least one world-volume direction but are not 
parallel) or they may be orthogonal (when all the euclidean world-volume directions are 
orthogonal). All possibilities are considered that are consistent with the choice of light- 
cone frame (the two world-volumes can occupy up to eight dimensions transverse to the 
directions). The number of unbroken space-time supersymmetries may be 1/2 or 
1/4 of the total as is easily deduced by considering a SO (8) rotation that reduces any 
configuration to a standard one. Configurations of two branes that preserve 1/4 of the 
total supersymmetry again exert no force on each other but in this case the force cancels 
separately within the NS <g> NS and R <g> R sectors. Various configurations of type IIA and 
type IIB theories with three and four branes are also considered in section 4, in which case 
the minimum unbroken supersymmetry may be 32/2™, where n is the number of branes. 
One example is the intersection of three three-branes with world-volumes that each share 
two common axes - when compactified on T 6 this describes a black hole with a = 0. The 
results of this section are light-cone versions of the description of intersecting branes given 
in@. 

The spontaneously broken space-time supersymmetries are considered in section 5. 
These non-linearly realized symmetries relate S-matrix elements with different numbers 
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of soft fermions. 



2 Space-time Super symmetry 

In the light-cone parameterization of the type IIB theory in which X + = x + + p + r the 
coordinate X~ is determined by the relation, 

p + d a X- = drX^^X 1 - iS a d T ^ a S a + tS a d T+ J a (6) 

(whereas the right-moving spinor in the type IIA theory is a dotted 5*0(8) spinor). We 
can anticipate that the boundary conditions on the fermionic coordinates will reflect a 5 
into iMS where M is an orthogonal matrix so that the fermionic terms will cancel in the 
expression for d a X~\B,r]). It follows that X~ satisfies the Dirichlet condition, 

d a X- = 0, (7) 

whether the X 1 are Dirichlet or Neumann coordinates. 

The coordinates transverse to the ± directions in (|3|) satisfy the boundary conditions 

(dX 1 -M pI jdX J )\B, ri) ip) = 0, (8) 

where Mfj is an element of 5*0(8). The Neumann directions will be chosen to be a = 
I = 1, • • • , p + 1 while the Dirichlet directions will be chosen to be i = I = p + 2, ■ ■ • , 8 
(the superscript and subscript p will often be dropped in the following when there is no 
ambiguity). In the absence of a boundary condensate of the massless open-string vector 
potential Mjj can be written in block diagonal form, 

M "-( _/ +1 /"J < 9 > 

(where I q indicates the (q x g)-dimensional unit matrix). In the more general case in which 
there is a boundary condensate of the open-string vector potential (to be considered in 
the next section) Mjj is a more general 50(8) matrix and can be written as, 

M IJ = exp{to KL E? J L }, (10) 

where £fj = (S K j5 L j — 5 L j5 K j) are generators of 50(8) transformations in the vector 
representation. The parameters VLjj depend on the open-string boundary condensate and 
in a particular basis they can be written in block off-diagonal form as, 

tt a/3 = diag(Di, D 2 ,---, D(p_!)/ 2 ), (11) 
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with 



while the components Qij and Q a i may be taken to vanish for a static p-brane P3, . In 



the absence of a condensate d m = ir. In other words the Neumann boundary conditions 
in p + 1 directions are represented by a rotation of ±7r transverse to (p + l)/2 axes. In 
the presence of a condensate of the open-string vector potential the rotations differ from 

7T. 

Each of the sixteen-component supercharges of the type II theories decompose in the 
light-cone treatment into two inequivalent SO(8) spinors defined in terms of the world- 
sheet fields X 1 and S a {a = 1, • • ■ , 8) by, 

Q a = f daS a (a), = -±= f da^dX 1 S b (a), (13) 

V 2p + Jo 7rvp + Jo 

for the left-moving charges and similar expressions for the right-moving charges, Q a and 
Q a expressed in terms of the right-moving coordinates. The undotted supercharge acts 
linearly while the dotted supercharge acts non-linearly on the world-sheet fields (and 7^ 
are the usual 5*0(8) gamma matrices). These charges realize the N = 2 supersymmetry 
algebra in the light-cone gauge 

{Q a , Q b } = 2p+5 a \ {Q\Q b } = 5« b p- 1 {Q a , Q & } = i= Ta V , (14) 

with a similar algebra for the rightmoving charges. The closed-string light-cone hamilto- 
nian, P~ t1 is defined by = P + P -> where 

1 -I 00 

P ~ = ^T(^) 2 + E 0-n«n + nS^Sfi , (15) 

and the modes of X, S and S are defined in the usual manner. 

In the type IIB theory both the left-moving and right-moving linearly realized su- 
percharges are undotted spinors whereas in the type IIA theory the dotted and undotted 
indices are switched between the left-moving and right-moving charges. The case of the 
type IIB theory will be described first. 

The boundary state is defined to conserve the linear combinations of space-time 
supercharges, 

Q+ a \B, V ) = (Q a + ^M afe g b )| J B,r?> = 0, 

Q+ h \B, V ) ee (Q« + tr ] M iib Q b )\B, V )=0, (16) 
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which generalize the expressions in |T3 which applied to the special case of the D- 
instanton( for which M ab = S ab , M &b = 8 &b ). The remaining combinations 

Q- a = (Q a - i V M ab Q b ), Q- h = {Q & - i V M. b Q b ) (17) 

are the broken supersymmetries that are associated with goldstinos as will be described 
later. 

In order to determine M ab and M kb we first make the ansatz that the SO (8) fermionic 
world-sheet fields, S a and S a , satisfy the boundary conditions, 

(SZ + i V M ab S b _ n )\B, v ) = 0, (S a n + t V M db S i L n )\B, v ) = 0. (18) 

The bispinor matrices M ab and M hb are now determined by consistency with the superal- 
gebra. Thus, multiplying the first equation in ( |i~8"| ) by (S\ + ir]M ab S^) determines that 
M is orthogonal, 

{M T ) ab M bc = 8 ac . (19) 

Furthermore, multiplying the second equation in ([18]) by (S° n + ir)M &b S b ) gives the con- 
dition (using d§|) and the definition of the nonlinearly realized supercharges), 

ri a M IJ - M ab M ab Y bb = 0. (20) 

These two conditions are solved by SO (8) rotations acting on the spinors, 

M ab = exp{ifi /j7a Y}, M. b = exp{ifi /j7 ^}, (21) 

where fljj is the same antisymmetric matrix (|TTJ) that defined the 5*0(8) rotation in the 
vector basis and 7 /J = |(7 / 7 J — 7 J 7 7 ). In the absence of a boundary condensate these 
conditions reduce to 

M„ t =( 7 y...7' + 'L, M ii =( T V... T -) ii . (22) 

The three matrices Mjj, M ab and M kb are related to each other by triality. 
The boundary state that solves flT6|) can now be obtained explicitly as, 

\B) = exp En>o (^MuaLA - iM ab S a _ n ~St n ) \B ), 

= R(M) ex P E„>o {W-n^-n - iSl n S\) \B ), (23) 
where the zero-mode factor is 

\B )=C(M IJ \I)\J)+tMja)\b)) (24) 
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(and is annihilated by all the positive modes). The argument r\ has been dropped since a 
state with one value of r\ (an anti-BPS state, say) can be transformed into a state with the 
opposite value (a BPS state) by a 2n rotation about all axes - this leaves Mjj unchanged 
but reverses the sign of M ab and M db . In verifying that this state satisfies flIE|) use is made 
of the relations So 1-0 = 7adl&)/\/2 and Sq\o) = 7^ (i |/)/v / 2- The normalization constant 
C can be determined by constructing a cylindrical world-sheet by joining two boundaries 
together with a closed-string propagator. The cylinder is equivalent to an annulus that 
can be uniquely determined as a trace over open-string states with end-points fixed on 
the respective branes. In the absence of a condensate of the open-string field on the 
boundaries C — 1 but, more generally, its value depends on the boundary condensate 
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The analogous boundary state for the type IIA theory involves a matrix M ab that is 
the product of an odd number of 7 matrices. 

The operator R(M) in (p3|) is the representation of SO (8) rotations on the non-zero 
modes and is defined by 

R(M) = exp £ ( -T^a^ai + S a _ n S b n ) , (25) 

where 



n>0 



n 



jjf = n KL xfj L , r Q ( 6 s) = -n KL i« b L . (26) 

This satisfies the group property R(Mi)R(M2) = R(M\M2). Similarly, apart from the 
overall scale C, the zero-mode part of the state (pl|) is a rotation of ground-state scalars, 
which can be written symbolically as 

|S )(p) = CR (M p ) (1010 +i|o)|a)) = Ci2o(M*)|fl >(-i). (27) 

Thus all the D-brane boundary states are obtained, up to a normalization, by SO (8) 
rotations of the boundary state of the D-instanton (the purely Dirichlet case, p — —1), 

\B) {p) = CR(Mn\B)^ lh (28) 

where R = RqR. The cases with p > — 1 are obtained by rotations through 7r around (p + 
l)/2 axes while non-zero condensates of the open-string vector potential are determined 
by continuous rotations. A rotation of 2tt around all the axes changes a BPS state into 
an anti-BPS state. 

Light- cone superfields 

The boundary state can also be expressed as a light-cone superfield by introducing 
Grassmann coordinates defined by, 

6 a = \(Q a -iQ a ) (29) 
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which is conjugate to 

JL = _i_ (Q . +i( n ( 3o) 

The bosonic sector of the closed-string superfield boundary state can then be expressed 
as a power series in the 9 a by writing the zero-mode factor as, 



1 



Ml) = E 7^^P + ) N ~ 2 ^a 2 ...a 2 J ai a2 ...e a ^\0,r ] ). (31) 



The coefficients in this expansion are complex functions that satisfy the constraint implied 
by the 'reality' condition, A p = (A 8 ~ p )* so that there are 2 8 real bosonic states. 

The supersymmetry conditions (|16j) restrict the boundary states so that in the case of 
the D-instanton (p = —1) the BPS and anti-BPS states satisfy the superspace conditions 

<} 'B,9,+) = 0, 6 a \B,9,-) = 0, (32) 



d9 a 



which means that the boundary states are the top or bottom components of the superfield, 
(|3l| ) depending on whether they are BPS or anti-BPS. 

With p > — 1 the conditions (fL6|) can be satisfied by requiring linear combinations of 
9 and d/dO to annihilate the state. This is conveniently expressed in terms of a modified 
Grassmann coordinate, 



and its conjugate 



e = \(i + M) ab e b + ^(i - M) ab A (33) 



' 1-M)/+J(1 + M)4. (34) 



d§ a 2 P + V Ja0 2 K > ao de b ' 



The components of the superfield that is a function of 9' are linear combinations of the 
components of the field ([H]). The conditions ( |i6|) are satisfied in general by 

' } , B ,e,+) = Q, § a \Bo,§,-) = 0. (35) 



d9 a 



This means that the boundary state is the top or bottom component of the light-cone 
superfield defined as an expansion in 9. This applies for any value of p. 

The complete boundary state may be expressed in a string superspace by introducing 
a a Grassmann SO (8) world-sheet spinor coordinate, @ a (with zero mode 9 a ), and defining 
a string superfield ^[X 1 ,O a ,p + ,x + ] = (X 1 , Q a ,p + , where |$) denotes a general 

closed-string state. The string field theory source term takes the form, 

($>\B) = J dx + dp + D 8 X I D 8 Q a 5 7 - p {X l )5 8 {Q)5{x + )<5> (36) 
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(i = p + 2, • • • , 8) where J D 8 Q5 8 (Q) picks out the bottom state in the (infinite- 
dimensional) stringy light-cone supermultiplet, which is the BPS state. The source for 
the anti-BPS state would not contain the factor 5 8 (@). The full light-cone string field 
theory action in the presence of the BPS source term has the form, 

S = ($|2p + (P~ + ($\B) + interaction terms, (37) 

where the integration over the super space-time coordinates, X 1 , B, p + and x + is implied 
by the notation |27| . 



3 Source equations 

The zero-mode factor in the boundary state determines the coupling of the D-brane to 
the massless fields so the relative strength of the source terms in the effective string 
action S source in ([IJ) can be seen from (|23J). Decomposing Mjj into 5*0(8) representations 
8 ® 8 = 35 + 28 + 1, 

M u = M {IJ) + M [u] + -VijM kk (38) 

o 

where ( ) denotes the symmetric traceless part and [ ] denotes the antisymmetric part. 
These terms couple to the transverse graviton, Gu, and antisymmetric tensor, Bfj, as 
well as to the dilaton of the type II theories. The R®R component in the boundary state 
can be written as the sum of SO (8) representations, 

M &h = + ^dt^M) + ^jl{ KL tr( 7 IJKL M), (39) 

which defines the couplings of the boundary state to the transverse components of the 
massless R® R potentials, \i Bfj an d ^ijkl (which is self-dual in the transverse space). 
The information in the boundary state thus determines the relative strengths of the sources 
for the fields in the theory that modify the bulk field equations. 

Covariant string perturbation theory takes place in the linearized Siegel gauge, 

d u h^-^d^ u + 2d,<P = 0, (40) 

where h^ v = — T]^ is the metric fluctuation. The light-cone gauge is obtained by 
setting h +u = 0. The light-cone gauge graviton is then identified with the traceless part 
of the metric fluctuation, hjj = hjj — r)uh K K /8 and the dilaton is proportional to the 
trace of the metric fluctuation, 

= 0-0o = \h I I =±(h i i + h" a ). (41) 
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In the space-time supersymmetric light-cone gauge the fluctuations of all the fields 
are normalized in a manner that is independent of the coupling constant, g = However, 
in the covariant action the terms in the NS®NS sector have a normalization factor of 1/g 2 . 
This means that in making a comparison between the light-cone gauge results and the 
expansion of the covariant action in small fluctuations it will be necessary to redefine the 
NS®NS fields by a factor of g. In other words, denoting the covariant field fluctuations_by 
a tilde, we shall make the identification hu = hjj/g for the metric fluctuation, <fi = <p/g 
for the dilaton and Bfj = Bfj/g for the antisymmetric tensor. 



3.1 Black j9-brane Ansatze 

The values of the boundary sources can be compared directly with the explicit p-brane 



solutions |L5| of the effective type II supergravity theory. In the absence of a condensate 
of the open-string vector potential the couplings of the NS ® NS fields are determined by 
the symmetric matrix, Mjj = diag(— I p +\, h-p)- 111 the light-cone frame the graviton hjj 
couples to the traceless part of this matrix, 

diag(-i(7 - P )I P+1 , ~(p+ 1)I 7 - P ), (42) 

while the dilaton coupling is proportional to the trace, 

:W 7 = -i(p-3). (43) 

Similarly, the R <S> R (p + l)-form couples to couplings are proportional to M ab = 
(7 1 ■ • -7 p+1 ) a 6- If the 'electric' charge is carried by an object with a (p + l)-dimensional 
world- volume the 'magnetic' charges are carried by objects with a (p' + 1) -dimensional 
world- volume where M v ah = *M^ b , where * denotes the Hodge dual in the eight-dimensional 
transverse space, M p = 7 1 • ■ ■ 7 7_p . 

The couplings of the D-brane sources to the dilaton, graviton and R <8> R potentials 
determine the source terms in the effective field theory in linearized approximation around 
flat space. These terms can be compared with those associated with theR®R sector black 



p-brane solutions of [0. These are solutions of the type II supergravity theories that 
preserve one half of the space-time supersymmetries in which the metric and the dilaton 
take the following form in the string frame, 

ds 1 = A- 1/2 {x i )dx a dx f3 7] aP + A 1/2 {x i )dx i dx j 7 ]ij 
e = A -b-W (44) 

Here, the function A depends only on the transverse coordinates x l (i = p + 2, • • • , 7 — p) 
and satisfies d 2 A = for x l 7^ 0. It is given by, 

A &) = 1 + T^f~ p - (45) 
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where Q is a (quantized) charge. 

To make the comparison with the light-cone boundary state the solution should first 
be Wick rotated so that the world- volume has euclidean signature and the transverse space 
has lorentzian signature. The solution ( f4"4"D can then be expanded in small fluctuations 
around flat space as \x l \ — > oo (the space-times of black p-branes are asymptotically 
minkowskian) , using 

Aa = c 1 + xJr^ a ~ 1 + + °(i x% i _14+2p )- ( 46 ) 

The second term corresponds to small fluctuations around Minkowski space and is gen- 
erated by a source of strength proportional to a. After transforming to the light-cone 
gauge the metric fluctuations are non-trivial in the transverse space with a trace that is 
identified with the dilaton while the traceless part determines the physical graviton. The 
coefficients of these terms agree with those obtained from the massless Z)-brane sources. 
The correspondence between D-branes and the black p-brane solutions can also be ana- 
lyzed by comparing scattering massless closed string states of D-branes and scattering in 
the black p-brane background |T6L O . 



3.2 Boundary condensate 

The boundary action that describes the coupling of a condensate of the massless open- 
string gauge potential has the form 

J ds [A a X a - '-F^Sj^Sj . (47) 

where s is the parameter on the world-sheet boundary and F a p = d[ a Am. In addition, if 
B^p is constant the Wess-Zumino term in the bulk action is a total derivative and may 
be expressed as a surface term so that the total surface term is 

Ssurface = J dsF a p (X^d s X® - iS^ S) , (48) 



where T = F — B N . This mixing of the closed-string antisymmetric tensor and the open- 



string vector was considered in p8 |. The quantity in parentheses in this expression is 
the generator of rotations in the a — (3 direction. This condensate can be expected to 
be a consistent string background if the field strength is slowly varying (so that terms 
involving the derivative of T may be dropped), which is all that will be considered here. 
The presence of this boundary term in the action leads to a modification of the boundary 
conditions in the Neumann directions, giving (d n X a + J r a pdtX l3 )\B,ri) = where n and t 
are the normal and tangential directions to the boundary. These conditions are equivalent 
to (0) with 

Mi p = -[{l-T){l + FY\ p . (49) 
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and the normalization constant C in the end-state \Bq) may be determined to be, 



C= v /det(l + J !r ). (50) 

NS £g> NS sources and Born-Infeld actions 

The boundary source terms lead to modifications of the effective low-energy field 



theory as was studied in the purely Neumann type I theory in || [TT|. There, BRST 
invariance in the presence of boundaries was shown to lead to an effective action that 
includes a source term, S source , that has a dependence on the open-string massless vector 
potential that is of the Born-Infeld form. 

In the context of a p-brane similar arguments again lead to a Born-Infeld-like source 
action ||. This is defined in a (p + l)-dimensional space which has euclidean signature 
when the kinematics are appropriate to our transverse light-cone gauge. The NScgiNS part 
of this action has the form, 

S P NS = J dr^xe-ty/detiG + F). (51) 

This can be compared with the source terms that arise from the massless components in 
the boundary state (j24|) by expanding (|5l|) in small fluctuations of the bulk closed-string 
fields around their constant background values. These fluctuations comprise the dilaton 
(j) = <p — <pQ and the metric and antisymmetric tensor fields that may be combined into 
h a /3 = ri a p — G a p + Bap. Recalling that = (h % i + h OL ^/A the expansion of the determinant 



factor in ( pi]) gives 

— <^/dd^T+7) + - 

9 ^9 



det(l + T) + — Vdet(l + T)h a \\ + 



= ^vMl + ^)(-fe+(^/"<j, P2) 

where g = e^°. Taking into account the fact that the light-cone graviton is defined by 
hjj = hjj/g, this is precisely the same as the source obtained from the massless part of 
the boundary state (|24|). 



Boundary condensate and R-R fields 

The couplings between the boundary field strength T and the R ® R sector massless 
potentials of the type IIB theory are simplest to express in the frame in which JF is block 
off-diagonal, 

Tu = diag(.Fi, ■ • ■ , ^(p+i)/2, 0, • ■ ■ , 0) (53) 

where Ti is given by 
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(for p odd). The matrix M a b which determines the coupling to the RR states is then given 
by the following expression 



(P+l)/2 1 

M ab = g (i + ffji^ + frr*- 1 ")V---7 P+1 (55) 

The contributions to the covariant world-volume source action are determined by this 
expression. They are of Chern-Simons type, J d p+1 xA R (NF) n , where A k R is a fc-form 
potential in the R ® R sector (and + 2n = p + 1). For example, the matrices M v ah for 
the cases p = 1 and p = 3 are given by 



Ml 



l + /2)l/2 + /l^aft) ( 56 ) 

= - 2 - /|)1/2 ( 7 If 4 + + flllt + /l-Moft) • (57) 

Correspondingly, covariant effective euclidean source actions for these fields are given by 

S l R = i J d 2 x(B R + X F) (58) 
% J d^xi^-xT NT + B R NT + A R ). (59) 



C3 



Obvious generalizations of these expressions hold for all other values of p < 7, including 
the even values of relevance to the type IIA theory. 

Expanding these actions to linearized order in the bulk fields gives sources for the 
R®R fields that correspond to the terms in (|56|) , (|57j) . These terms also contain couplings 
between the bulk fields, such as x A B N in and B N A B N , B R A B N in @. The 
presence of such couplings can be demonstrated directly by calculating the disk amplitude 
with the appropriate insertion of closed-string vertex operators. 



3.3 Examples 

D-instanton 

In the case p = — 1 all coordinates satisfy Dirichlet boundary conditions and Mu = 
Su, M a b = 5 a b- The massless terms in the boundary state are 

\B )^5 IJ \I)\J)+i5. b \a)\l). (60) 

Thus, the couplings of the source to the dilaton (ft and the R-R scalar, x, are equal which 
agrees with the linearized approximation to the D-instanton ansatz in [E0]. The factor of 
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i indicates that this should be interpreted as a euclidean solution since the pseudoscalar 
field x is pure imaginary after a Wick rotation to euclidean space. 

The full theory includes a sum over diagrams with arbitrary numbers of world-sheet 
boundaries. The leading term in the partition function comes from the exponential of the 
disk diagram so that 

Z = e-s~ ixo . (61) 

Connected diagrams with a larger number of boundaries vanish by supersymmetry. The 
exponent in Z is the constant part of the euclidean source action, 

SjLce = J d w x(e-t> + i X )5 10 (x - x ). (62) 

The fact that the Z)-instanton has no world-volume dimensions means that there is no 
dependence on the metric in the source action and hence no coupling to the graviton - it 
couples to the dilaton and \ only. The source term is therefore unchanged in transforming 
between the string and the Einstein frames. 

The D -string 

In the absence of a boundary condensate of the open-string vector potential the 
p = 1 boundary state couples to the dilaton, the graviton, and the components of the 
R <8> R -antisymmetric tensor Bf 2 in the world-sheet directions. 

In the presence of a boundary condensate of the open-string vector potential the 
.D-string also couples to the R ® R scalar, Xi an d the NS ® NS antisymmetric tensor, B N 
||. This is seen in the present light-cone formalism by constructing the boundary state 
(|4Tj| ) for the case p = 1, in which the rotation matrices have the form (which is analogous 
to the covariant description in 



and 



where the 2x2 matrix M^Jf) is given by 



"i = -^ = 7^«( o/ ,"_%>)■ (65) 



-1 fl-f 2 ~2f 
l + F 1 + f 2 \ 2f 1-f 

where / = — |e a/3 JF a/3 . 

The 50(8) rotation is through an angle a in the — 1 plane given by, 

1 - f 

cosa = ~T^p' ^ 
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so that the generators of the rotations in (pS) are 



T H _ n yi2 T (S) _ a 12 , ^ 

The zero mode part of the boundary state is given by 



|£ >(i) = y/l + PM u \r)\J) +«(/^ + 73)|6>|6> (68) 

Following the general analysis of section 3.2 the effective world-volume action of the D- 
string is given by a Born-Infeld-like euclidean action 

SLrce = J d 2 x{e-^tet{G + T) + iT X + iB*), (69) 
which reproduces the boundary sources in linearized approximation, as before. 



In order to make contact with the dyonic string solutions of [30] the action may be 
expressed in terms of the integer monopole number of the integrated field strength. This 
may be accomplished by integrating over the vector potentials in a particular topological 



sector in which / T = 2nm [19, 21, The result is an action of the Nambu-Goto form, 



SlurceM = J d 2 x (feT 2 * + (m + X ff Vdet G + imB N + iB R ^j , (70) 

which describes a D-string with tension ((m + x) 2 + ^/g 2 ) 1 ^ 2 - 
Other branes 

The case p = 3 is described in the absence of a condensate of the open-string potential 
by Mfj = (— 14, 14) and M^ b = ^(7 1 7 2 7 3 7 4 ) a fe, which is self-dual in the eight-dimensional 
transverse space. In the presence of a non-zero condensate the world- volume theory for 
the three-brane is given by 4-dimensional N = 4 supersymmetric Yang-Mills theory. 
The theory is invariant under electric-magnetic duality transformations when these are 
accompanied by SL(2, Z) transformations acting on the closed-string bulk fields [2^, 3~I| 



The cases with p = 5 and p = 7 are the magnetic duals of the .D-string and the 
.D-instanton, respectively. The rotations that define the boundary states are obtained 
from the p = 1 and p = —1 cases simply by multiplying the matrix M a b by 7 1 • • -7 s , 
which implements Hodge duality in the transverse eight-dimensional transverse space. 

In the case of the branes of the type IIA theory the possible values of p are even and 
the left-moving and right-moving supercharges are described by 5*0(8) spinors of opposite 
type. Thus, the eight linearly realized supersymmetries that annihilate the boundary state 
are (Q a + M a aQ a ), while the non- linearly realized ones are (Q a + Ma a Q a )- The analysis 
is very similar to the Type IIB cases. 
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4 Configurations with two or more branes 



In the sector with two separated p-branes the leading contribution to the free energy comes 
from the independent energies defined by a functional integral over two disk world-sheets 
- one with Dirichlet conditions at y\ and the other at y\ . The energy (per unit vol- 
ume) between these separated branes is determined to lowest order in the string coupling 
constant by quantum fluctuations that describe the exchange of a closed string between 
them. This is represented by a world-sheet diagram with the topology of a cylinder with 
boundaries that describe the world-lines of the end-points of open strings moving in the 
world- volume of each brane. The dependence of this energy on the separation of the 
branes, L = — Vi\ determines the force between them. If the branes are viewed as 
instantons the diagram represents the action per unit euclidean volume. 
The general expression for the energy (or action) is given by 

Z(F lt F 2 ,L) = C 1 C a j o —^(B^ile-^-^RiM^M^lB^,)^, (71) 

where p~ = id/dy + and the value of r\ is taken to be the same for both end-states (both 
of them are either BPS or anti-BPS). With an appropriate choice of the rotations, M P1 
and M P2 , and normalizations, C\ and C 2 ([H]) represents the energy between branes of 
arbitrary p\ and oriented in any relative direction and with arbitrary condensates, F\ 
and F2, of the open-string gauge potentials on each brane (which are assumed to vary only 
slowly). Furthermore, the force between an anti-BPS state and a BPS state is described 
by rotating through 2ir around all axes, thereby changing the sign of 77 in one of the states. 
The normalizations Ci(F{) and £2(^2) ma Y be determined as before by considering the 
process to be a trace over the open-string states that propagate around the annulus with 
their end-points fixed in the respective world-volumes of the branes. Writing Z as a 
product of zero-mode and non zero-mode factors, 

Z(F 1 ,F 2 ,L) = Z (F1,F2)Z OSC (M P2T (2)M P ^(1)), (72) 

it is clear that Z (F1,F2,L) depends explicitly on Fi and F 2 separately while 
Z osc (M P2T (l)M Pl (l)) depends only on the relative rotation. 

4.1 Parallel branes 

The fact that D-branes are BPS configurations means that two parallel branes of the same 
type (the same values of 77 and of the open-string condensate fields, f a on each brane) do 
not exert a force on each other. The force vanishes identically as follows from the fact 
that exactly half the space time supersymmetry is broken by this configuration, which 
leads to the vanishing of this amplitude and all higher contributions with the topology of 
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a sphere with n holes cut out. This was observed in the case in which all the boundaries 
are Dirichlet in I^j , in which case the 'energy' (actually, the action per unit volume) is 



roo fj+ _ 

Z{0,0,L) = J q —^ l) (B,y 2 \e-^-^ t \B,y 1 )^ 1) , (73) 

which vanishes because of the cancellation between the exchange of massless states in the 
NS <g> NS and the R ® R sectors, 

(I\(I\J)\J) - (&\(a\b)\b) = 8 - 8 = 0. (74) 

For widely separated D-instantons this vanishing is attributed to a cancellation between 
the exchanged massless scalar and pseudoscalar states WM. This generalizes to the case 



of parallel D-branes of the same type with arbitrary p and with the same boundary 
condensates QXJ] simply by inserting 1 = R\M P )R(M P ) in the matrix element and using 
the expression (f23|). The normalization factor C\C 2 is finite so that the energy vanishes in 
these cases also. The tension of the brane can be deduced by isolating the NS <S> NS part 

of©- 

However, the interaction energy between two branes of opposite type (one being BPS 
and the other anti-BPS) does not vanish. Since a BPS state is converted into an anti-BPS 
state by a 2tt rotation around all axes, \B,—) = R(M(2tt))\B,+), the cylinder diagram 
that describes the interaction of a BPS p-brane and an anti-BPS p-brane is given by, 

Z + _(0,0,L) = / dt(B, y 2 , +\e- 2 ^ p --^ t R(M(27r))\B, y u +) 
Jo 

j f ( 2.x(p-9)/2 -fai^2) 2 /47rf IIn>o(l + 9 ") 

o dt[nt) n n >o(i-^) 8 ' [ } 

where q = e _7rt (a special case of this with purely Dirichlet boundary conditions, p = —1, 
was considered in fill). 



The cylinder diagram is transformed to an annulus by a modular transformation, 
in which case the expression for Z is interpreted in terms of a trace over the states of 
open strings with end-points fixed in the world-volumes of the two branes. This is the 
appropriate coordinate frame for describing the singularities of this process as a function 
of the separation, L = \y 2 — yi\. After the standard change of variables, t' = 1/t and 
w = e _7r * , (|75| ) becomes, 

TT^ 9 ) fdf +/ -( P+ l)/2 / ., 1 ( , 2 , ,A n(l-^ 2 "- 1 ) 8 f7 „s 

The expression possesses singularities at L 2 = Att 2 (1 — n). The n = term gives a pole 
at space-like separation while the n — 1 term is a singularity at null separation and for 
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n > 1 the singularities are at time-like separations. This is the D-brane generalization of 
observations concerning the analytic structure of the purely Dirichlet amplitudes relevant 
to the .D-instanton and references therein). For the p-brane interpretation (2/2 — 2/i) is 
necessarily space-like and only the n = term leads to a physical singularity at L 2 = Air 2 
P2[ . This represents the onset of a tachyonic instability in the system. In this situation 
it requires more detailed dynamical understanding to determine whether there might be 
a bound state. 

In the light-cone frame appropriate to the (p + l)-instanton interpretation (y 2 — Hi) 2 
has indefinite sign and the process has singularities on and inside the light-cone as well 
as a single singularity outside the light-cone. 



4.2 Parallel D-strings with boundary condensates 

When the condensates F\ and F 2 are different on two otherwise identical parallel branes 
supersymmetry is broken because the combination of supercharges that annihilates one 
boundary (|T^|) is different from the combination that annihilates the other. This leads to 
an interaction energy between the branes. The large-distance behaviour of this energy is 
dominated by the r — ► 00 limit which picks out the massless modes of the closed-string 
exchanged between the branes. 

For example, in the case of two parallel D-strings (p = 1) the coefficients in ([71]) are 



given by G\ = y 1 + fx and C 2 = y 1 + /!• The zero mode factor in Z is given by, 
Z (F 1 ,F 2 ,L) = {B^F^B^F^rf) 



C 1 C 2 (Mf J (2)M J/ (l) - M ab (2)M ba {l)) 
8 + 4(A 2 + f 2 ) + 8f 2 f 2 + 8A/ 2 



V(l + /i 2 )(l + /l) 



8(/i/ 2 + I)- (77) 



In the case in which fx = f 2 this vanishes as the energy between two identical BPS- 
saturated branes should. More generally, the expression (|77|) has the property that for 
small fx and / 2 it behaves as 

Z (fx, /a, L) ~ ft + / 2 4 + &flf 2 - 4A 3 / 2 - 4/ 2 3 /i + 0(f). (78) 

The lower order terms vanish which corresponds to the fact that the moduli space of 
parallel D-strings is flat |E4 . 



The oscillator factor, Z osc , in ( \u[) can be evaluated exactly using fl25|) . Since the 
right-moving degrees of freedom do not appear in the rotation operator operator the 
expression reduces to a trace over the left-moving oscillator states. The generators (|26|) 
can be diagonalized by a unitary transformation, 

"n -> U u a J n , a J _ n -> Uj ja J _ n 

— > V a bS h n , S°L n — > V^^.^. (79) 
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where U and V are defined so that 



( iot 





k¥% = (~% ah ,°A (80) 

where a (defined in (|66"D ) is the angle of the relative rotation MfM 2 . The traces over the 
oscillator states are standard and the result is given by 

z - c(a ' L) = " io rftt n^a-^a-^a-^e-^) exp J ' (81) 



where q = e nt and the zero-mode factor follows from (|77|). This can be written in a 
compact form in terms of Jacobi 9 functions and the Dedekind r\ function, 

7r 4 sin(q/2) r / L 2 \ 

16 sm (a/4) 7 rf{it)6i{i^\it) \ Ant) 

This expression exhibits interesting analytical structure as a function of the separation 
which is exposed in the short cylinder limit, t — > 0. The Jacobi transformation, t — > £' = 
1/i, transforms the cylinder into an annulus, giving, 

vr 4 sin(a/2) fdf 9\{-it' ^ \ it') L\ 

The complete expression for Z ( j72|) is given by the product of (|77|) and (^). The 
argument of the #i is imaginary so that in the short cylinder limit, t' — > oo, the behaviour 
of the integrand of (^) is given by 

e -f j/7*r04(_j f '£. | . f s e-'' L2 / 4 "sin 4 (-2at74) 

lim — ~ lim 

i'^oo v 9 (U')9i(-it'^ | it') f-+oo sra(-ia/2f) 

-t'(L 2 -27r|a|)/47r , nf*-*** 



~ lim e"*^ *-^l«IV4T + o( e -' rt '). (84) 

t'— >oo 



Hence, the expression diverges for separations L 2 = (y 2 — y\) 2 < 2n \ a \. If the 
transverse space has Minkowski signature this indicates the presence of a pole in L 2 outside 
the light-cone as well as an infinite set of poles at values 

L 2 = 2vr(| a | -2vm), n = 0, 1, • • • (85) 

Note that flB"ED implies that the limit of infinite field strength corresponds to a = n. 



19 



After continuing to Minkowski signature the magnetic boundary condensate turns 
into an electric boundary condensate and the rotation matrices become boosts. This 
change of signature can be accomplished by / — > if which implies a — > ia. The argument 
of the 9 functions are then real and the integrand of fl8"5| ) exhibits an infinite number of 
simple poles on the real t' axis at t' = 2n(2k + l)/a where k is integer. This leads to an 
imaginary part in the energy, which is given by the sum over the residues of the poles. 
This is very similar to the situation in [33], where the type I superstring was considered, 
which has Neumann boundary conditions in all directions. In fact, the rather complicated 
sum over spin structures obtained in [S3 1 reduces to a simple expression of the form fl83|) . 



4.3 Parallel, intersecting and orthogonal branes. 

The most general configuration of two branes is one in which the branes may have different 
values of p, they may both be BPS states or one of them may be anti-BPS and they may 
or may not be parallel. We will be interested in describing which configurations have 
residual supersymmetries. The important issue of determining whether there are BPS 
bound states of branes lying within one another will not be addressed in the following. 
Furthermore, we will not consider the rich class of configurations in which there is a 
non-trivial boundary condensate. 

A systematic way of analyzing configurations is to first consider one of the branes to 
be a D-instanton (p± = — 1) and the other one to have pi — — 1, 1, 3, 5 or 7 (the type IIA 
case is analogous but p\ and P2 take even values). All other cases can then be obtained 
by appropriate rotations. 

4.3.1 A D-instanton and a p-brane. 

The zero-mode contribution to the cylinder diagram with p\ — —1 with general p<i is 

Zo(pi = -l,P2) = ( P2 )(-Bo|-Bo)(-i) = (-i)(-B |-Ro 2T |5o)(-i) 

= TtMfj-TtMS. (86) 

The unbroken supersymmetry generators that annihilate the two boundary states are 
given by 

Qpi) = Q a + iQ a , Qp 2) = Q a + iM p JQ\ (87) 

(with similar combinations of the dotted supercharges) where the cases of rj = ±1 are 
included by allowing for the fact that the overall sign of can be changed by a 2ir 
rotation in all directions. The compatibility of these two supersymmetries depends on the 
value of p2- The cases P2 and p' 2 = 6 — P2 have similar behaviour. 

Thus, Zq = when p2 = — 1 or p2 = 7 (the rotation matrix 7 1 • • • 7 s = 1) due to the 
cancellation between the NS ® NS and R <g> R sector as described earlier. In this case 
both supercharges are identical and there is a total of 16 unbroken supersymmetries. 
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For P2 = 3 the two traces in fl56|) vanish individually so that once again Zq = 0, but 
this time due to the separate vanishing of the NS (g> NS and R ® R sectors. The two 
matrices M^ b (r) (where r = 1, 2 labels the two branes) are of the form 

M- b \l) = 5 ab , Ml b {2) = 7 ^ 234 . (88) 

Since (7 1234 ) 2 = 1, M% b has eigenvalues = +1, —1. The projector of brane 2 on the 
eigenvectors with eigenvalue +1 is given by 

^(2) = ^(1- 7 123 V (89) 

The dimensionality of this eigenspace is given by the trace of the projector trP(2) = 
4. Therefore, there are four common eigenvalues of M^ b (1) and M^ b (2) and so four 
undotted supersymmetries remain unbroken. The same reasoning also applies to the 
dotted supersymmetries. Hence the total number of unbroken supersymmetries is eight 
- the configuration preserves a quarter of the original supersymmetry. Furthermore, this 
configuration is invariant under rotation by 2ir that reverses the overall sign of M^ b , which 
interchanges the BPS and anti-BPS conditions. 

When P2 = 1 or P2 = 5 the bi-spinor trace vanishes but the bi-vector trace is non- 
zero so that Z 7^ 0. In this case M^ b = (l 1 ^ 2 )^ has imaginary eigenvalues so that the 
conserved supercharges of the two branes have no eigenvalues in common - there are 
no unbroken space-time supersymmetries in this case. This means that there is a force 
between the branes so that they might form a bound state that can be a BPS state 0, |34|. 



This behaviour of the zero modes extends to the non-zero mode factor, Z osc . The 
non-zero mode contributions from fermionic and bosonic oscillators cancel in the cases 
P2 = —1,3,7, so that Z osc = 1. In the cases P2 = 1,5 Z osc is a non-trivial ratio of 
contributions from bosonic and fermionic oscillators. 



4.3.2 Parallel, intersecting and orthogonal p\ and P2 branes. 

The cases with p\ > — 1 can be obtained from the above by inserting 1 = R^ T R^ in 
fl8"S|), where is a rotation that acts on the bi-vector and bi-spinor indices so that, 

MfjR^=Mj^ M%Rt ] = M-\ (90) 

This is a T-duality transformation that changes the number of directions in which there 
are Neumann and Dirichlet boundary conditions. In this way the general case can be 
reduced to a consideration of the ones considered in (a) above with M P2 replaced by 
M' P2 = i? (pi) M P2 . 

The relative orientation of the two branes depends on the choice of R^. There are 
several distinct classes to consider. 
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• (a) Parallel branes. The (p 2 + 1) world-volume coordinates are a subset of the 
(pi + 1) world- volume coordinates (where P2 < Pi)- 

• (b) Intersecting branes. A subset of the coordinates of one brane are orthogonal to 
a subset of the world-volume coordinates of the other. 

• (c) Orthogonal branes. The world- volume coordinates of one brane are all orthogonal 
to those of the other. This is not possible for the usual p-branes since they always 
share the time direction - but, it is possible for the (p+ l)-instantons considered in 
this paper, in which the branes have euclidean world-volumes. 

As a specific example, consider the case of a D-string (p 2 = 1) and a three-brane 
(pi = 3). Choosing the three-brane world- volume to be in the directions I — 1, 2, 3, 4, the 
three distinct configurations of the D-string correspond to the choices for the p 2 matrices, 

Mfj = diag(-l, -1, 1, 1, 1, 1, 1, 1), MH = ill (91) 
Mfj = diag(-l, 1, 1, 1, -1, 1, 1, 1), MH = ill (92) 
Mfj = diag(l, 1, 1, 1, -1, -1, 1, 1), MH = ill (93) 

which describe the parallel, intersecting and orthogonal cases, respectively. 

These may now be transformed into the case in which pi = — 1 by inserting the 
rotation that transforms the three-brane into the D-instanton, 

R^ = diag(-l, -1, -1, -1, 1, 1, 1, 1), = 7 ^ 234 . (94) 

Acting on the parallel Z)-string (|91|) the result is another D-string (the matrices M P2 
transform into those of the p = 1 case). Acting on the orthogonal D-string (|93|) the result 
is a P2 = 5 state. Both of these cases therefore break all the space-time supersymmetries. 
However, the result of acting with R^ 1 " 1 on the intersecting D-string (^) is a p 2 = 3 state 
and so one quarter of the supersymmetries (i.e., 8) are preserved. This is in accord with 
the results in |55L H. 



Another illustrative example is the case with pi — 1 and p 2 = 5 where there are three 
possible distinct configurations of the string and the fivebrane. In the intersecting case, 
in which there is one common world- volume direction, no supersymmetries are conserved. 
The parallel configuration in which there are two common world-volume directions pre- 
serves one quarter (i.e., 8) of the supersymmetries. The case in which the world- volumes 
are orthogonal preserves half (i.e., 16) the space-time supersymmetries, note that the 
last configuration has no analogue for the p-branes which share the world-volume time 
direction. 

The general result coincides with that of Polchinski's argument p|. There, it was 
shown that the number of directions in which the boundary conditions at either end of 
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the string are different must be mod 4 if any space-time supersymmery is preserved. 
This coincides with the number of —1 entries in the diagonal matrix Mf}M^ 2 K . 

The following table summarizes the number of surviving dotted and undotted su- 
persymmetries for all p\ and P2 relevant to the type IIB theory. The integer N denotes 
the number of common Neumann directions of the (euclidean) (pi + l)-dimensional and 
ij>2 + 1) -dimensional world- volumes. The values marked n/a require a total of more than 
eight dimensions transverse to x ± and cannot be described in our light-cone frame. The 
values marked - do not exist. 



Type IIB 



Pi 


-1 


1 


3 


5 


7 


N 





2 


1 





4 


3 


2 


1 





6 


5 


4 


8 


P2 =- -1 


16 

















8 










P2 = 1 





16 





8 









8 













P2 = 3 


8 





8 





16 





8 





16 










P2 = 5 





8 





16 





8 





n/a 


n/a 


16 





8 




P2 = 7 


16 





n/a 


n/a 


8 


n/a 


n/a 









n/a 


n/a 


16 



The type IIA theories can be described similarly and the following table summarizes 
the surviving supersymmetries in that case: 



Type IIA 



Pi 





2 


4 


6 


N 


1 





3 


2 


1 





5 


4 


3 


2 


7 


6 


P2 = 


16 












8 














P2 = 2 





8 


16 





8 












8 






P2 = 4 


8 








8 





16 


16 





8 









P2 = 6 





16 


8 





n/a 


n/a 





8 


n/a 


n/a 


16 






4.3.3 Configurations with more than two branes. 

When there are three or more D-branes a smaller fraction of the supersymmetries can be 
preserved by the solutions. 

(a) 4 residual supersymmetries 
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A simple example is provided by the configuration of three orthogonal .D-strings with 
world-sheet orientations in the (1, 2); (3, 4); (5, 6) directions. The boundary conditions are 
defined by the matrices, 

diag(-l, -1, 1, 1, 1, 1, 1, 1), Ml b {\) = 7 1 , 2 (95) 
diag(l, 1, -1, -1, 1, 1, 1, 1), M l ah {2) = 7a 34 (96) 
diag(l, 1, 1, 1, -1, -1, 1, 1), M l ab (3) = T f 6 6 . (97) 

The NS ® NS matrices may be transformed by T-duality into those of a D-instanton 
and two three-branes with world-volumes that share two directions, Mjj (1), Mfj(2) and 
Mfj(3). The NS <S> NS matrices may be transformed by T-duality into those of a D- 
instanton and two three-branes with world- volumes that share two directions, MfJ(l), 
Mfj(2) and M|j(3). The R ® R matrices transform under this T-duality to 

M~ b \l) = 6 abl Ml b {2) = 7 if 4 , M a 3 b (3) = 7 ^ 56 . (98) 

The common supersymmeties are the ones which have eigenvalues +1. There are two 
projectors onto the eigenspaces with eigenvalue +1 for M 3 fe (2) and M^ 6 (3), respectively, 

P ab (2) = 1(1 - 7 1234 U, P a6 (3) = \{l - 7 1256 ) ab . (99) 
Since [P(2),P(3)] = the product P(2)P(3) is also a projector given by 

(P(2)P(3)) o6 = 1(1 - 7 1234 - 7 1256 - 7 3456 ) a ,. (100) 

Since Tr(P(2)P(3)) = 2 there are two unbroken undotted supersymmetries. Together 
with the dotted supersymmetries there is a total of four unbroken supersymmetries - this 
configuration preserves 1/8 of the original 32 supersymmetries. 

If this configuration of three 2-instantons is compactified on T 6 in the (1, 2, 3, 4, 5, 6) 
directions the result is an instanton in four dimensions which leads to the non-conservation 
of the three axionic scalar R ® R charges associated with B^ 2 ,B^ 4 ,B^ 6 . 

Another example is a four- dimensional black hole state that can be 
made by combining three self-dual three-brane world-volumes in the orientations 
(1, 2, 3, 4); (1, 2, 5, 6); (1, 3, 5, 7), interpreting the 1 direction as the time axis and com- 
pactifying the directions 2 — 7 on T 6 . Since the three-brane does not couple to the dilaton 
this configuration must correspond to a conventional Reissner-Nordstrom black hole of 
the type IIB theory. A fourth three-brane in the (1,4,6,7) direction can also be added. 
Any of these branes shares its three spatial axes with one of the other ones - this is a 
stable configuration. 

Analogous statements also apply for the Type IIA theory in an obvious manner . 



M}j(l) = 
M}j{2) = 
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2 residual super 'symmetries 

There are also configurations which only preserve 1/16 of the original supersym- 
metry. One example in the type IIB case is a three-brane with world-volume oriented 
in the (1,2,3,4) directions and three mutually orthogonal D-string world-sheets in the 
(1,5); (2,6); (3; 7) directions which each intersect the three-brane in one direction. After 
performing a T-duality transformation that converts the three-brane to a D-instanton, 
the projectors for the three one-brane supersymmetries which will be compatible with the 
unbroken supersymmetries of the three-brane are given by, 

P(2) = ^(l- 7 2345 ) (101) 

P(3) = i(l + 7 1346 ) (102) 

P(4) = ^(l- 7 1247 )- (103) 

These three projectors commute and their product is also a projector, P, satisfying 

trP = tr(P(2)P(3)P(4)) = 1, (104) 

so that there is one undotted unbroken super symmetry, as well as a similar dotted one. 
This gives a total of two unbroken supersymmeties. Other similar configurations can 
easily be constructed. 



5 Linear and non-linear realizations of space-time su- 
persymmetry 

Since a Dirichlet p-brane breaks translational invariance in the directions transverse to the 
brane as well as half the space-time supersymmetries there must be a supermultiplet 
of eight bosonic zero modes (which form a world-volume p-component vector) and eight 
fermionic zero modes living in its world- volume. In the case of brane-like solitonic solutions 
of type IIB supergravity theories these are modes of the bulk fields PS| , |3"5[ while in the 
P>-brane description they are the ground states of the open string. 

The unbroken symmetries are realized linearly on the fields whereas the broken sym- 
metries are realized nonlinearly. There is the possibility for some confusion here since in 
the light-cone frame half the 32 components of the supersymmetry in the type IIB theory 
are already realized non-linearly. They divide into two groups of 16. One of these groups, 
Q a and Q a (associated with the 5*0(8) spinor parameters e a and e a ), is realized linearly 
while the other 16 components, Q a and Q a (associated with the 50(8) spinor parameters 
r] a and fj a ), is realized non-linearly. 
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Now we wish to divide these 32 components into groups of 16 in a different manner 
that accounts for the fact that the boundary state links left-movers and right-movers. 
The boundary state is annihilated by the combination of supercharges given in (JTB|) , 

Q+ a | B) = Q +h | B) = 0, (105) 

which are the unbroken supersymmetries while Q~ b , Q~ b define the broken supersymme- 
tries. The parameters of the corresponding transformations will be denoted 77" = t] a ± ff 
and e a ± = e a ± e a . 

The algebra of the broken and unbroken supercharges is given by the following com- 
mutation relations 

{Q +Q , Q- b } = 25 ab p + {Q +a , Q~ b } = ^{p I + M IJ p J ) 

v2 

{Q-\Q- b } = S d \p- + p-)=6 dh Pj, (106) 

with all other anticommutators vanishing. 

The open-string light-cone vertex operators are defined only in the case that the 
momentum carried by the emitted state satisfies k + = (our conventions will follow those 
of [0]). In this case the physical state condition ( ■ k (where is the physical open-string 
vector potential) can be satisfied by choosing special transverse polarizations satisfying 
^k 1 = 0, and (~ = C^k 1 jk + can be arbitrary. Similarly, the physical state condition 
on the ground-state open-string spinor field (which has 5*0(8) components u a , u a ) is 
u a = —2k I ^( I ad u a /k + which can be satisfied with finite u a by choosing the r ) I ad k I u a = 0. 

In order to avoid awkward singular expressions in the supersymmetry transformations 
it is convenient to take u a to be proportional to k + and define v a = u a /k + , which remains 
finite as k + — > 0. The relation between the two £0(8) components of the ground-state 
fermion becomes u a = —k Ir j I ail v a . The independent wave functions are then taken to be 
£ and v a . 

Supersymmetry transformations on the 5*0(8) components of the massless open- 
string fields take the form, 

v a = V-lLC 1 , « 4 = py|(^7iW + W) (107) 

(the apparent singularity in the last term does not contribute to the expressions for the 
on-shell vertex operators). 

The massless bosonic open-string vertex operator is given by 

V B ((,k) = (( I B I -O ifcX , (108) 
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where 

B 1 = dX 1 - ^S a (zWJS b (z)k J . (109) 
The massless fermion vertex operator is given 

V F (u, k) = (u a F a + u d F d )e ikX , (110) 

where, 

F a = S a (z), F h = YaaS^dX 1 + i : ^S a (z)S b (z)^S c (z) : k J . (Ill) 
The 32 components of the supersymmetry act on the vertex operators in the following 

way, 

S V V B = [v a Q\v B (0] = V F (u) 

5 v V F = [ V a Q a ,V F (u)] = V B {() 

S e V B = [e & Q d ,V B (0] = V F (u) + fd z W&(C,k,z) 

5 e V F = [e h Q\V F {u)} = V B (Z)+e%W*(u,k,z) (112) 

The total derivatives Wp, W B can give rise to contact terms, which affect the dis- 
cussion of supersymmetry of the bulk fields but will not enter to the discussion of the 
open-string sector in this paper. They are given by ||40|| , 

Wb = V^TadC'SV^ 

W F = V2v d e lkX + ^-( 1 IJ ufS h 1 I b J c S c e ikX . (113) 

8 

The open-string amplitudes can now be calculated in the cylinder frame where the 
width of the cylinder in a is ir. The cylinder is chosen to be semi-infinite with the 
boundary at r = — oo representing a physical closed-string state (<&| that carries the non- 
zero momentum p + . The open-string vertex operators are attached to the boundary at 
r = 0, and the boundary conditions may be used to express them entirely in terms of 
left-moving operators. These chiral vertices, which are integrated in a along are displaced 
infinitesimally away from the boundary at r = with an arbitrary time ordering. All 
permutations of this ordering are then summed with equal weight |41[j . The amplitude 
with n bosonic open-string ground states has the form, 

A n (^ | Ci,---,Cn) = / d<7i..d<r n <* | V B {CiM^i)---V B {Uk n ,z n ) I B). (114) 

A supersymmetry transformation of this amplitude is obtained by substituting a 
transformed wavefunction d or (^into A n . Using ( |112| ) the transformed vertex operator 
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can be written as a commutator of a supersymmetry generator and a fermionic vertex 
operator. Thus, for the linearly realized components of the conserved supersymmetry the 
vertex, 

V B (0 = V a +Q +a V F (u) - V F (u) V a + Q +a , (115) 

can be inserted into ( |114j ) and the Q + in the first term acts to the left on the closed 
string state \I/ giving a transformed state, 5 v± ty. The Q + in the second term is moved to 
the right and gives transformed open string vertex operators until it hits the boundary 
where it is annihilated by the boundary state. Thus the conserved supersymmetry relates 
S-matrix elements with n + 1 bosonic states (including the one (bosonic) closed-string 
end-state) to elements with n — 1 bosonic and 2 fermionic states, 

I Cl, C2, • • • , Cn) = ^(V* I «1, C2, ' " ' , Cn) + ^n(* | «1, M 2 , Cs ' • " , Cn) 
H h A n (^> I U1X2, ■ ■ - ,Cn-l,M n ). 

This corresponds to the linearly realized supersymmetry which is not broken by the bound- 
ary state. A similar analysis applies to the non-linearly realized conserved supercharge, 

Q +a with ( and u replaced by ( and it. 

The supercharge Q~ a is not annihilated by the boundary so that similar manipu- 
lations for these supercharges leave a residual term. This is proportional to r]°iQ~ a \B), 
which has the form of the fermion emission vertex ( |110| ) acting on the boundary, in which 



the supersymmetry parameter rf_ is the wave function. Therefore, the amplitude with 
n + 1 bosonic states is related by the Q~ supersymmetry to a sum of terms with n — 1 
bosons and two fermions, together with an extra term which has an extra zero-momentum 
fermion insertion - it has a total of n bosons and two fermions, 

A.(*|Cl, C2, • ■ • , Cn) = 4»(V*K C 2 , • • • , Cn) + A n (*\ Ul , U 2 , C 3 • • • , Cn) 

+ --- + A n (ty\u h (2,---,(n-i,u n ) +A n+1 (V I u 1: Ca, • • • , ( n ,V~) (116) 

This is the S-matrix statement of the nonlinear realization of the spontaneously broken 
Q~ supersymmetry [[41]]. 

The corresponding analysis with the non-linearly realized supercharge Q~ a leads 

to the same relationship between amplitudes but with C and u replaced with C and u. 
Higher-order terms give rise to S-matrix elements with arbitrary numbers of soft fermions. 

Note that (|17D and (|33| ) implies Q~ a = 8 a , hence the nonlinearly realized supersym- 
metry charge Q~ a acts as the modified Grassmann parameter 6 a on the boundary state 
I B, +) which is the bottom component of a superfield expanded in 9 a . The vertex oper- 
ator for the emission of zero momentum Goldstinos is given by i]~ a 9 a \ Bq,6,+), which 
indicates that the nonlinearly realized supersymmetry acts as a shift on the Goldstino 
field. 



28 



One important subtlety in this analysis is that contact terms have to be carefully 
accounted for. These arise from the derivative terms in the algebra ( |112| ) but in the open- 
string amplitudes considered here they integrate to zero. However, they are an important 
feature of more general amplitudes with closed-string vertex operators. 
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